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CHAPTER

EXPERIMENTAL
MAPPING
METHODS

We have seen in the last few chaplers that the polential is the gateway (o any
. informalion we desire aboul the clectrostatic ficld at a poinl. The path is straight,
and Lravel on it is casy in whichever dircclion we wish Lo go. The clectric ficld
intensity may be found from Lhe poliential by the gradient operation, which is a
differentiation, and the electric field intensity may then be used Lo find the electric
flux densily by multiplying by the permittivity. The divergence of the flux density,
_again a dilfercntiation, gives the volume charge density, and the surface charge
density on any conductors in the field is quickly found by evaluating the flux

density at the surface. Our boundary conditions show thal it musl be normal to

such a surface.
Integration is still required if we neéd more information than the value of
~a field or charge density at a poine. Finding the total charge on a conductor, Lhe
total cnergy stored in an electrostatic ficld, or a capacilance or resistance value
are examples of such problems, each requiring an integration. These inlegralions

cannol gencrally be aveided, no matler how extensive pur knowledpe of ficld .

thcory becomcs, and indced, we should find that Lhe grcu'lcr Lthis knowledge
becomes, the more inlegrals we should wish to cvaluale. Polential can do one
il.nporlzml thing for us, and that is (o furnish us quickly and easily with Lhe quan-
lily we musl incgrale.

Our goal, then, is te lind the polential lirst, This cannot be done in lerms
of & charge conliguration in a practical problem, because no one is kind cnough
Lo tell us exactly how the charges are distributed. Instead, we arc usually given
scveral conducting objects or conducting boundaries and the potential difference
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between them. Unless we happen to recognize the boundary surfaces as belonging
to a simple problem we have already disposed of, we can do little now and must
wail until Laplace’s equation is discussed in the following chapter.

Although we thus posipone the mathematical solution to this important
type of practical problem, we may acquaint ourselves wilth several experimental
methods of finding the potential field. Some of these methods involve special
equipment such as an electrolytic trough, a fluid-flow device, resistance paper and
the associated bridge equipment, or rubber sheets; others use only pencil, paper,
and a good supply of erasers. The exact polential can never be determined, but

“sufficient accuracy for engineering purposes can usually be attained. One other

method, called the iteration method, docs allow us o achicve any dosired aceu-
racy for the polential, but the number of calculations required increases very rap-

idiy as the desired accuracy increases.
Several of the experimental mesthods to be described below are based on an

analogy with the electrostatic field, rather than directly on measurements on this
field itself.

IFinally, we cannot introduce this subject of experimental methods of finding '

potential ficlds withoul emphasizing the fact that many practical preblems possess
such a complicaled geometry that no exaci method of finding that field is possible

or feasible and experimental techniques are the only ones which can be used,

6.1 CURVILINEAR SQUARES

Our first method is a graphical one, requiring only pencil and paper. Besides
being cconomical, il is also capable of yielding good aceuracy i used skililully and
patiently. Fair accuracy (5 to 10 percent on a capacitance determination) may be
oblained by a beginner who does no more than follow the few rules and hints of
the art.

The method to be described is applicable only to ficlds in wliich no variation
exists in the direction normal to the plane of the sketch. The procedure is based
on several lacts we have already demonstrated:

1. A conductor boundary is an equipotential surlace,

2. The electric field intensity and electric fux deumty are both perpendicular 1o

“the equipotential surfaces.

" 3. E and D are therelore perpendicular to the conductor boundaries and possess

zero tangential values.
4, The lines of electric flux, or sireamlines, begin and tevminale on charge and
" henece, in o charge-free, homogencous dielectric, begin and lerminate only on
Lthe conduclor boundarics.

Let us consider the implicalions of these stalemenis by drawing the stream-
lines on a sketch which already shows Lhe equipotential surlaces. In Fig. 6.1a two
conductor boundaries are shown, and equipotentials have been drawn with a con-
stant potential dilference between lines. We should remember that these lines are
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FIGURE 6.1

{ay Sketeh of the equipolential surfaces between Lwo conductors. The incremant of poleatial belween
cach of the two adjicent cquipotentials is the sume. (5) One flux line has beea drawn from A to A,

and a sccond: [rom B lo B.

only the cross scctions of the equipotential surfaces, which arc cyliriders (although

_noL cireular), since no variation in the dircction normal Lo the surface of Lthe paper

is petmniticd. We arbitrarily choose to begin a streamline, or fux line, at A on the
surface of the more positive conductor. 1t lcaves the surlace normally and must
cross at right angles. the undrawn but very real cquipotential surfaces between the
conductor and the first surface shown. The line is-continued to the other conduc-
tor, obeying the single rule that the intersection with each equipolential must be
square. Turning the paper from side to side as the line progresses enables us Lo

maintain_perpendicularity more accurately. The line has been completed in Fig.

6.1b.
In a similar manner, we may start at B and sketch another streamline ending

al B'. Before continuing, let us inlerpret the meaning of this pair ol streamlincs.
The streamline, by definition, is everywhere tangent to the eleetric field inlensity
or to the electric flux density. Since the streamline is tangent to the electric flux
density, the flux density is tangent to the streamline and no electric flux may cross
any streamling, In other words, if there is a charge of 5 xC on the surface between
A and B (and extending 1 m into the paper), then 5 xC of flux begins in this region
and all must terminate between A’ and B'. Such a pair of lines is sometimes called
a flux tube, because it physically seems to carry (lux [rom one conductor to another
without losing any. . :
We now wish to construct a third strcamline, and both the mathematical
and visual interpretations we may make rom the sketch will be greally simplified
if we draw (his ling starting from some point C chosen so that the same amouni
of flux is carried in the tube BC as is conlained in AB. How do we choose the

position of C?

The electric field intensity at the midpoint of the line joining A to B may

be found approximately by assuming a value for the flux in the tube AB, say
AW, which allows us to-express the electric flux density by A'W/AL,, where the depth
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of the tube into the paper is | m and AL, is the length of the line joining A
to B. The magnitude of £ is then

E_IA‘P
T eAL,

However, we may also find the magnilude of the eleclric lield intensity by
dm_dmg the polential difference between points A and A4, lying on two adjacent
equipotential surfaces, by the distance from 4 to A,. If this distance is designated
AL, and an increment of polential beiween equipotentials of AV is assumed, then

B AV
ALy

This valuc applies most accuralely lo the poinl al the middie ol Lhe line

segmenl [rom A (o A, while the previous value was most accurate at Lhe mid-

: point of the line segment rom A to B. If, however, the.equipolentials are ciose

together (AV small) and the two streamlines are close together (AW smail}, the two

" valués found Tor the clectric field intensity must be approximately equal,

LAY AV

eAL, AL,

Throughout our skeich we have assumed a homogeneous medium (e

constant), & conslant increment of poelential belween eguipotentials (AV constant),

and a constant amount of flux per lube (AY conslant). To satisly all these con-
ditions, (1) shows that.

(1

AL, _ constant = 14% : 2
ALy TeAV @

A similar argument might be made at any point in our sketch, and we are
therefore led (o the conclusion that a constant ratio must be maintained between
the distaucc‘ between streamlines as measured along an equipotential, and the dis-
tance between equipotentlials as measured along a streamline. It is this ratio which
tnust have the same value at every point, not the individual lengths. Each length
must decrease in regions of grealer field strength, because AV is constant.

The simplest ratio we can use is unity, and the streamline from B 1o B
shown in Fig. 6.10 was slarted at a point for which AL, = AL,. Since the ratio
of these distances is kept at unity, the streamlines and equipotentials divide the

. field-containing region into curvilinear squares, a term implying a planar geometric

figure which dillers [rom a (ruc square in having slightly curved and slightly
uncgual sides bul which approaches a square as its dimensions decrease. Those
ingremental surface elements in our three coordinate systems which are planar

~may also be drawn as curvilinear squares.

We may now rapidly sketch in the remainder of the sireamlines by keeping
each small box as square as possible. The complete sketch is shown in Fig. 6.2.




FIGURE 6.2

The remainder of the streamlines have been added
Lo Fig. 6.1b by beginning cach new linc normally to
the conductor and maintaining curvilinear squarcs
throughout the sketch,

The only dilference between this example and the production-of a ficld map

using the method of curvilincur squares is that the intermediale potential surlaces

“aré ool given. The streaimlinegs and cquipolentials must both be drawn on an
original sketch which shows only the conductor boundarics. Only onc solution

is possible, as we shall prove later by the uniqueness theorem for Laplace’s equa-

tion, and the rules we have outlined above arc sufficient. One streamline is begun,

© an equipotential line is roughed in, another streamline is added, forming a curvi-
lincar square, and the map is gradually extended Lroughout the desired region.

* Since sone of us can cver expect to be perfect at this, we shall soon find thal we
can no longer make squares and. also maintain right-angle corncrs. An error is
* accumulating in the drawing, and our present Lroubles should indicale the nature

of the correction to make on some ol the carlier work. 1t is usually best to start '

- again on « fresh drawing, with the old one available as a puide,
The construction of a uselul {icld map is an art; the scicnce merely furnishes

" the rules. Proficiericy in any arl requircs practice. A good problem Tor beginners is .

the coaxial cable or coaxial capacitor, since all the equipotentials are circles, while
the fux lines are straight lines. The next sketch attempted should be two parallel
circular conductors, where the equipotentials are again circles, but with a varying
center. Each of these is given as a problem at the end of the chapter, and the
accuracy of Lhe sketch may be checked by a capacilance caleulation as outlined
below.

Figure 6.3 shows a completed map for a cable conlaining a square inner
conductor surrounded by a circular conductor. The capacitance is found from
C = Q/V, by replacing @ by NyAQ = NgAY, where ‘N is ‘the number of flux
tubes joining the lwo condueters, and letling ¥y = N, AV, where Ny is the number
of potential incremenis between conduclors, . ’

NgAQ
¢ Ny AV
" and then using (2),
coNe AL _ Ng (3)
v LN’ v
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FIGURE 6.3

An example of a curvilinear-square field
map, The side of the square is two-
thirds the radivs of the circle. Ny =4
and Ng=8x325=26, and Lherefore
C, = eNy/N, = 57.6 pF/m.

since AL /ALy = |, The determination ol the capacitance [rom a flux plot merely

* consists of counting squares in lwo directions, between conductors and around

either conductor. From F ig. 6.3 we oblain
ST 8§ x32
C=¢ _><4W_E —576 pF/m

Ramo, Whinnery, and Van Duzer have an excellent discussion with examples

"of the construction of field maps by curvilinear squares. They offer the following
" suggestions:*

Plan on making a number of rough sketches, taking only a minute or so apiece,
before starting any plot to be made with care. The use of transparent paper over
the basic boundary will speed up this preliminary sketching.
2. Divide the known potential difference between electrodes into an equal number
of divisions, say lour or eight to begin with,
3. Begin the sketch of equipotentials in the region where the field is known best,
" as for example in some region where it approaches a uniform field. Extend
‘the equipolentials according to youtbest guess throughout the plot. Note that
they should tend Lo hug acute angles of the conducting boundary and be spread
oul in the vicinity of obluse angles ol the boundary.
Draw in the orthogonal sci of field lines. As these are staried, they should form
curvilinear squares, bui, as they nre extended, the condition of orthogonality
should be kept paramount, even though this will result in some rectangles with
ratios other than unity.

1

4

! By permission {rom S, Ramao, J. R. Whinnery, and T. Yan Duzer, pp. 54—55. See Suggested References
al the end of Chap, 5. Curvilinear maps are discussed on pp. 53-38.
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Scc Prob. D6.1,

5, Look at the regions with.poor sxde ratios and iry to see what was wrong with
the first guess of equipolentials. Correet them and repeal the proccdurc until

reasonable curvilinear squares exist throughout the plot.

6, In regions of low field intensity, there will be large figures, often of five or six -

sides. To judge the correctness of the plot in this region, these large unils should
‘be subdivided. The subdivisions should be started back away from the region
-needing subdivision, and. each time a flux tube is divided in half, the potenlial

divisions in this region must be divided by the same factor.

De6.I. l"lgurc 6.4 shows the cross scclion of two c1rcul'1r cylinders at polculmls of
-0 and 60 Y. The axes are parallel and Lhe region between Lhe cylindess is air-filied.
Equipotentials it 20 V and 40 V e also shown, Prepare a cutvilinear-syuare mip on
the figure and use it 1o establish suilable values for {a) the capacilance per meler

length; (). E at the lefl side of the 60-V conductor if"ils true radins |s me,_

{¢) pg al that point.

Ans, 69 pF/m; 60 kV/m; 550 nC/m?
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FIGURE 6.5,

A portion of a vegion containing
a two-dimensional polential feld,
divided into squares of side /.. The
potential ¥, is approximately equal
lo the average of the polentials at
the four neighboring points,

6.2 THE ITERATION METHOD

In potential problems wherc the potenlial is completely specified on the boundaries
of a given region, parlicularly problems in which the polential does not vary in

.-one direction, i.e., two-dimensional potential distributions, there exists a pencil-

and-paper repelilive method which is capuable of yielding any desired accuracy.
Digital computers should be used when the value of the potential is required with
high accuracy; otherwise, the time required is prohibitive except in the simplest
problems. The iterative method, Lo be described below, is well suited for calcula-
lion by any digital compulter,

Let us assume a two-dimensional problern in which the potential does not
vary with the z coordinale and divide the interior of a cross seciion of the region
where the potential is desired into squares of length % on a side. A portion of this
region is shown in Fig. 6.5. The unknown values of the potential at five adjacent
points are indicaled as ¥, Vi, Vi, Vi, and V,. If the region is charge-free and

- containg a homogeneous dielectric, then ¥+ D =0 and V - E = 0, from which we
have, in two dimensions,

aE aE,
T+ —2=0
dy
- But the gradient operalion gives E, = —6V/6x and E, = —8V/dy, from which we
__obtam
a2V 0t
o o =0

2 This is Laplace’s equation in two dimensions. The three-dimensional form will be derived in the

" following chapler.
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Approximate values for these parlial derivatives may be oblained in lerms
of the assumed potenlials, for '

6V . Vj_—%
ax|,  h
and |
BVl Vo— Wi
x|, I
from which
ov| _av}
Pv| x|, ¥ M—Va— VetV
. h = i

and similarly,
' 2Vl V= Vo— Vot V.

ﬂyz_ 0 - ,lz

Combining, we have .
2V PV Vi +V+ W+ =4k —0

x? + ay? e

or

The expression becomes exact as h approaches zero, and we shall wriLe’_ it
without the approximation sign. It is intuitively correct, telling us that the potential
is the average of the potential at the four neighboring points. The iterative n.u.f.l!}odi
merely uscs (4) Lo determine the potential at the corner-of every square subc'ilvlsmn.
in turn, and. then the process is repeated over the entire region as many .Lm_lcs as
" is necessary witil the values no longer change. The method is best shown in detail
by an example. o o

For simplicity, consider a square region with conducting boundaries (Fig.

6.6). The potential of the top is 100 V and that of Lhe sides and bc_ntlom._is zero.
‘The problem is two-dimhensional, and the skeleh is a cross scotion of the _phys:cal
configuration. The region is divided first into 16 squares, and some cstimate of

the polential must now be made at every corner before applying Lhe ileralive’

method. The better the estimate, Lhe shorter the solulion, although ihe ﬁt_lal rc§ull
is independent of these initial estimates, When the compuler is used for iteration,

the initial potentials are usually set cqual to zero Lo simplily Lhe program. Rea-~

sonably accurate values could be obtained {rom a rough curvilincar-square map,

or we could apply {4) to the larpe squares. At the center of the ligure the poiential

estimate is then 1(100 + 0 + 0 + 0) = 25.0.

Vo= W, + Vo Vo + Va) | W
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V=100
INFINITESIMAL GAP { INFINITESIMAL GAP

[43.8 | 53.2 [43.8

18.8 25.0 18.8

6.2 9.4 6.2

V=0

FIGURE 6.6 .
* Cross section of a square lrough with sides and boltom at zero potential and top at 100 V. The cross

scclion has been divided inlo 16 squares, with (he polential estimated at every corner. More accurale
vatlues may be determined by using the ileration mcthod.

The polential may now be estimaied at the cenlers of Lthe four double-sized
‘squarcs by taking the average ol the polentials at the lour corners or applying (4)

- along a diagonal set of axes, Use of this “diagonal average” is made only in
_preparing initial estimates. For the two upper double squares, we select a poten-

tial of 50 V for the gap (the average of 0 and 100), and then V = £(50 + 100 +

© 25 + 0) = 43.8 (Lo the nearest tenth of a volt?), and for the lower ones,

V=30+25+0+0)=6.2

The potential at the remaining four poinis may now be oblained by applying (4)

" directly. The complete set of estimated values is shown in Fig. 6.6.

The initial lraverse is now made to obtain a corrected set of potentials, be-

. ginning in the upper left corner (with Lhe 43.8 value, not with the boundary where

the polentials are known and fixed), working across the row to the right, and then
dropping down to the second row and proceeding from left o right again. Thus
the 43.8 value changes to }(100 + 53.2 + 18.8 + 0) = 43.0. The best or newest
potentials are always used when applying (4}, so both poinis marked 43.8 are

“changed to 43.0, because of the evident symmetry, and the 53.2 value becomes

(100 + 43.0 + 250 + 43.0) = 52.8. .

Because of the symmelry, little would be gained by conlinuing across the
top linc. Each point of this line has now been improved once. Dropping down to
the next line, the 8.8 value becomes

$(43.0 + 250 + 62+ 0) = 186

3 When rounding off 1 decimal ending exactly with a five, the preceding digit should be made ever;

- e, 4275 beeomes 42.8 and 6.25 becomes 6.2, This genevally ensures a random provess lending to

betier sccuracy than would be oblained by always increasing the previous digil by 1.
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V=100 :
< : CRARRIRRIREIED
4370 538 430
426 52.5 | 426
428 52.6 42.8.
428 - |s2.6 42.8
= ) N " .
V=90 . - 158.6 124.8 18.6
186 248 - |186
18.7 - 250 18,7
18.7 L 250 18.7
T 7.0 ez T T [70 -
1.1 2198 7.1
7.1 ' 9.8 7.1
7.1 98" 7.4
R ’ . V=0

FIGURE 6.7 ) : _ -
“The results of each of the four neeessary raverses of the problem of Fig. 6.6 arc shown in order in
the columns. The final valucs, unchanged in the last traverse, are al the bottom of each column.

and the (raverse conlinues in this manner; The values at the end of this traverse
-arc shown as ihc top numbers in cach column of Fig. 6.7. Addilional traverses
must now be made until the value at each corner shows no change. The values
for the successive traverses are usually entered below each other in column form,
as shown in Fig. 6.7, and the final value is shown at the bottom of gach column.
Only lour traverses are required in this ¢xample. '

Il each of the nine initial values were sot equal Lo zero, it is interesting Lo
note that ten traverses would be required. The cost of having a computer do these

additional traverses is probably much less than the cost of the programming nec-.

gssary to make decent initial estimates. .

Since there is a large difference in potential from square to square, we should

nol cxpect our answers o be accurale Lo the tenth of a voll shown (and perhaps
nol to the ncarest volt). Increased accuracy comes [rom dividing cach square into

four smaller squares, not from finding the potential to a larger number of sigrifi-

cant figures al cach corner. . : : :
In Fig. 6.8, which shows only onc ol the symmetricul halves plus an addilional

column, this subdivision is accomplished, and the potential at the newly crealed
corners is estimaled by applying (4) dircetly where possible and diagonaily when
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V = 100

| GAP
LINE COF
SYMAMETRY
T
o
L
48.2 66.2 738 75.0 5
€6.2 73.0 74.6 At
66.0 72.8 743 728
66:0 721 748 729
66,0 730 748 73.0
66.0 i 748 i
€6.0 | |
66.0
6.1 | |
48.2 6.1 73.0 74.8 73.0
26.5 2.8 51.0 [
26.6 42.9 §0.8 R £08
268 43.0 50.9 53,4 50.0
3619 430 51.0 53.4 5L.O
43.0 511} 535 51,1
;}g.g ?H 536 5.1
| ki
269 43,1 51.2 §1.6 51.2
15.4 27.9 31.8 368 e
16.2 282 34.8 aro 3
164 338 370 348
349 37.0 310
343 371 349
350 azz 350
| ] I
I |
Ve Oy 188 28.2 B 35.0 7.2 350
10,1 18.7 234 50 | 234
1. 187 25.0 234
- 104
10.3 18.4 23.4 250 23.4
6.4 118 15.2 16.3 1
6.5 . 15.2 16.3 152
151 16.2 i5.1
[X] 11.8 15.1 16.2 15.1
38 7.1 9.1 3 3
7.0 2.0 ] 58
38 7.0 9.0 9.7 2.0
1.8 3.3 4,2 6
32 is az
1B 3.2 4.2 4.5 4.2
FIGURE 6.8

. The problem t.:n!' Fi -3 6.6 and 6.7 is divided into smaller squares. Values obtained on the nine successive
traverses are listed in order in the columns,
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necessary. The set of estimated values appéars at the top of each column, and the

" yalues produced by the successive traverses appeat in order below. Here nine sels

"of values are required, and it might be noted that no valucs change on the last
traverse (a necessary condition for the fast iraversc),

after ihe sccond traverse; this resulis in a greal saving in time, [or if none of the
four‘potentials in (4) changes, the answer is of course unchanged.-

For this problem, it is possible to compare our final values with the exact

potentials, obtained by evaluating some infinite series, as discussed at the end of
the following chapter, At the point for which the original estimate was 33.2, the
" final valuc for the coarse grid was 52.6, the final value for the fincr grid was 53.6,
and the final valuc for a 16 % 16 grid is 53.93 'V o lwo decimals, using dala ob-
tained with the following Fortran progranu '

DIMENSION A{17.37}.B{l7.17F = . .. -

1
@ Do b I=2.L7
3 D0 5 J=1.17
y A{I.J¥=0.
5 CONTINUE
L, CONTINUE
7 D0 9 J=2.1b
8 A{3-Jd}=100-
9 CONTINUE
10 A{L+1}=50-
11 A{1.17}=50-
12 D0 Lk I=2.1b _
13 D0 15 J=2alb . : : S
1Y AT ~d} = {ALTAJ—3F +ALI -1 03 +ALIJ +1F+ALI+ D dTI/N-
15 CONTINUE - o _
3k CONTINUE
.17 PO 23 I=2.1k
18 D0 B2 J=2.1b . '
19 Cm{ALI-d—1F+ALI-Lrd3+ALIJ+1F+ALT DI/

B0 BAI~dF=A{I.JF}—C _
TF{{ABS{BLL~J}}—.00003}.6T.0-3 60 T0 32

CONTINUE ' o
CONTINUE S oo
URITE{b~253{{ATI1d}ad=k11232T=1317%
FORMAT {LHO-17F7.2} - A
STOP , o .

END :

'Line 21 shows that the iteralion is continued until the dilference between succc_ssivc -

traverses is less than (075,
The exact potential oblained by a Fourier expansion

mals. Two other points are also compared in tabular form, as shown in Table 6.1,

and only one valuc changes
on cach of the preceding thice traverses. No value in the bottom lour rows changes -

is 54.05 V to two deci- -
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TABLE 6.1

‘Original cstimate | 53.2° 25.0 9.4

© 4 x 4 grid - 526 250 08
8 x 8 prid 53.6 25.0 9.7
16 % 16 grid 5393 23,00 2.56
Exacl 54,05 25.00 9.54

Computer flowcharts and programs for iteration solutions are given in
- chap. 24 of Boast* and in chap. 2 and the appendix of Silvester.’

_Very few electrode configurations have a square or rectangular cross section
that can be neatly subdivided inlo a square grid. Curved boundaries, acule- or
obtuse-angled corners, reentranl shapes, and other irregularitics require slight
~ modilications of lhe basic method. An important one of these is described in Prob.

12 at the end of this chapter, and other irregular examples appear as Probs. 9, 11,
and 13, ' . :
A refinement of the iteration method is known as the relaxation methed. In
7 general it requires less work but more care in carrying out the arithmetical steps.®

DG.Z'. In _Fig. 6.9, u square grid is shown within an irregulir potential trough, Using
the iteration method Lo find the polential to the nearesl voli, delermine the final
value at: (1) point a; (b) poinl b; {¢) point ¢.

Ans. 26 V; 46 V; 78V

63 CURRENT ANALOGIES

 Several experimental melhods depend upon an analogy belween current density
in conducting media and electric Aux density in dielectric media. The analogy is
- easily demonstrated; for in & conducting medium Chm’s law and the gradient re-
~lationship are, for direct currents only,

- J=¢E,
“ E, = —V},
whqr_eas in’_ a.homogeneousl dielectric
' ~ D=¢E,
L E. = —VV,

The SL!bscripts serve to identify the analogous problems. It is evident that the
N polenttals ¥, and ¥, the electric field intensities E, and E,, the conduclivity and

i 4 See Suggested Refecences at Lhe end of Chap. 2.
: i3 See Suppesled Relerences at the end of his chapter.

6 A detsiled description appears in Scarborough, and the basic procedure and one example ure in Hayt.
- See Suggested References at the end of the chapler.
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of ritbber sheets. The sheet is placed under moderate tensiop and approximates
closely the elastic membrane of applied mechanics. It can be shown® thal the ver-
 tical displacement h of the membrane satisfies the second-order partial dilferential

equation B
Ph Ph

a_xi—]- ay* 0

if the surface slope is small. We shall see in the next chapter that,evér).r po_tcntial
ficld in o charge-lree region also satisfies (his equation, Laplace’s cqualion in two
dimensions, : : : C e e

*v PV

-a?-l--a—y—z 0

We shall also prove a uniqueness theorem which assures us that if a potential -

solution in some specified region satisfies the above equation and alsg gives the
correct potential on the boundarics of this region, then this solution is the oglly
- solution. Hence we need only Toree the clevalion of the sheet Lo corrcspond'mg
prescribed polendial values on the boundaries, and thé clevation ai all other puints
is proportional to the potential. ' ' a : -
For instance, the infinilc-line-charge ficld may be displayed. by recognizing
the circular symmetry and faslening the rubber sheet at zcro. clevation .an?und a
circle by the use of a large clamping ring ol radius py. Since lhe_potcmlal is con-
stant al p,, we raise that portion of the sheel to a grealer elevation by pushing a
cylinder of radius p, up against the rubber sheet. The analogy breaks down for

large surface slopes, and only a slight displacement at p4 is possible. The surface

then represents the potential field, and marbles may be used to dcte;mine par_ticlc
trajectories, in this case obviously radial lines as. viewed from above.

There is also an analogy between electrostatics and hydraulics Lhat is par-

ticularly useful in oblaining photographs of the streamlines or ;ﬁmf lings. Tlhis
process is described .completely by Moore in a number of publications which

include many excellent photographs.

D6.4. The potential field, ¥ = 100(xy +x— y — 1) Visillustrated by a plaster :nod'?l
with u seale of 1 vertical ineh = 100 V, and 1 horizontal inch = 0,1 m. The model is

prepared for theregion { < x<2m. 0=y < 2 m. In this region: {a) w-hal is ll:-c_ maxi-
mum height of the model; () what is ils minimum height? (c) What is the dilference:

" in height between paints above A(x = 15 in, y = 101n) and B(x = 1?.99 in, y = 10 in)?
{d) What angle docs the linc connccling. these (wo. points make with the horizontal?

Ans. 3in; 0;0.002 in; 11.31° -

8 See, for inslance, Spangenberg, pp. 75-76, in Supgesled References al the end of the chapter.
Y See Suggested References at the end of this chapler. :
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PROBLEMS

1. Construct a curvilinear-square map for a coaxial capacitor of 2.5-¢m inner radius and
8-cm outer radius. These dimensions are suitable for the drawing. As a check on the
accuracy, compute the capacitance per meter length both from your drawing and from
the exact formula if ¢y = L

2, Construct a curvilinear-square map of the potentiai field about two parallel circular

.cylinders, each ol 2-cm radius, separated a center-to-center distance of 13 cm. These
dimensions are suitable for the actual sketch if symmetry is considered. As a check,
compute the capacitance per meter both from your sketch and from the exact formula.
Assume €5 = 1. '

Construct a curvilinear-square map of the potential field between two parallel circular
cylinders, one of 40-mm radius inside one of 30-inm radivs. The two axes are displaced
by 25 mm. These dimensions are suitable for the drawing, As a check on the accuracy,
compute the capacilance per meler from the sketch and from the exact expression,

: 1,52, p2
C= Zr_zg/[cush“ ! (%i)] F/m

where a and b are the conductor radii and D is the axis separation. Let € = 1.

L

A solid conducting cylinder with a 0.08 x 0.12 m rectangular cross section is centered
within a circular cylinder of 0.1-m radius. (@) Make a full-size sketch of one quadrant




FIGURE 6.12
Scc. Prob. 5,

of this conliguration and construel a cucvilincar-square map for its ililcrior..(b) A-Ss';"?.“
ing € = €, cstimate C. S o o
shown in Fig, 6.12 was manufactured on a day when

ut of adjustment. Assuming-an air - dielectric: -
the interior and (b) estimate the capacilance of

5. The “coaxial” {ransmission line
- some of the machinery was slightly o
{a) prepare a curvilinear-squarc. map. of
a 1-m length. I
6. The inner condugctor of the transmission line shown in Fig, 6.13 has a square cross
section while. the outer conductor is rectangular. (@). Construct a pood-sized drawing
.- of this transmission line, say with-a = L'in, and prepare a curvilinear-square plot of
the clectrostatic ficld between conductors. (
per meter ‘lenpth for €= L.6eg. () How would the answer Lo part (b) change if
a-= 0.6 cm? ' . . : ’ o
1. A squarc conductor, l-cm on a sidc, is parallel to and lem from. n perfcelly con-
ducling planc. (g) Prepare a curvilinear-square map;
and a manageable width. (b) Assuming free space around the conductor, calculale the

capacitance per meter length of this transmission linc.

8. Let the inner conductor of the Lrunsmissior
of 100 ¥, whilc the outer is at zero. potentiz
iteration (o find V ala point a units above the upper le

Work Lo the nearest volt,
9, Usc the Heration methed to estimate the potential ai points x and y inthe triangular
trough of Fig. 6.14. Work anly to the nearest voll.

b, Construct & grid, 0.5a on a side, and use
ft corner of the inner conduclor,

b) Use your map Lo caleulate the capacitance -

using symmetry, a scale of 240 1, -

1 line shown in Fig. 6.13 be al a potential -
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7/, See Probs. 6, 8, and 16.
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3 ~ See Prob. 9.
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: V=100V T : :
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7, | | ! e :
2 - ! y ! 2 FIGURE 6.17 -
—_— | FEER e e o e b R e e i ) ‘
Vs i | h! | See Prob. 12
7 S : / |
Z ! b } _ ; o _ 10, Ust ilerdlion methods lo estimate the polential at point x in the trough shown in
2 : ! i ﬁ ' : Fig. 6.15. Working to the nearest voll is sullicienl.
| :

~

, i i . :
//////////////////////////////(////////_//////////// S 11; Using the grid indicated in Fig. 6.16, work to the nearest volt lo estimate the polen-

. 15.'Perfcctly conducling concentric cylinders have radii of 2 and 6 cm; each is 50 cm in

V=0 tial al point A.
FIGURE 6.15 12 Condt_lctors having boundaries that are curved or skewed usunally do not permit every
Sce Prob. 10; " grid point to coincide with the actual boundary. Figure 6.17a illustrates the situation
) . ) : : where the potential at ¥, is to be estimaled in lerms of ¥, V,, V3, ¥, and the unequal
: . . : : C _ distances h,, I3, hiy, and h,. (a} Show that -
. - o . . : ¥V, ' V V.
. s - : : Vo h : AN h - A h : hah
- - R s ' - (1+—‘)(1+—m~‘ ’) (1+—’)(1+—2 “) (1+—3)(1+ “)
o . GAp Voo SR, . . hy hh, hy by hy ) LA
Y ' ; b p777777777777778 - ' : A
= b : T ol
1 . - R ATORLAY
e : . : : -+ +
: f A ch . o . _ . h, hah,
% 7 _ ' ke - (b) Delermine V, in Fig. 6.17b.
- | :
3, : ] i R ,/, 13. Use the grid indicated in Fig. 6.18 and the method described in Prob. 12 to estimate the
V-'O/' o I | } Lo E 7 ' potential at point x, o
R ’ A R TP SO /N ) s R , - . . . .
| ? ——-wi, —,'~—a|r-_—.—~|0*w——i-"“'—‘:‘"“"i|‘“_r‘ " ' i 2 ' 14. (a) After estimating potentials for the configuration of Fig. 6.19, use the iteration method
! : T I o l I I 7 with a square grid 1 em on a side Lo find better estimates at the seven grid points.
- -;——‘I—"”*i'"_'"l“__'l'_——:"m—_{_W_r_wm__ﬁ_w 7 Work Lo the noarest voli, () Construct a 0.5-cm grid, establish new rough estimates,
W I . { L { I | I N R ; and then vse the iteration method on the 0.5-cm grid. Again work to the nearest volt.
T I I i I } I I i . } o {c) Use the compuier Lo obtain values for a 0.25-cm grid. Work to the ncarest
L YT ///////_///////////////_//////_//_//{////_/f_///Z//({?///////1//////////////4 ) '. ; 01V, i
T s B 2 L S SR LI ¢ |

FIGURE 6.16. . S o . length, The region 2 < p < 3 cm, 0 < z < 50 em is filled with a solid conducting mate-
See Prob. 11, - _ : : S ' ' : rial having & =100 U/m, while the portion for which 3 < p < 6 cm, 0 < z < 50 cm has
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A Z i
. : - : J;‘ B e See Prob. 18.
[ | ! Z
Z | [ !
Z : t : ~ i o = 250/m. The inner cylinder is held at 1 V while the outer is at V = 0. (@) Find
Z | | | 2 : 5 b E and J everywhere. (b) What resistance would be measured between the two cylinders?
. ) } | = ‘ (¢) What is V at p =3 cm?
0 2 .. 16. The cross section of the transmission line shown in Fig. 6.13 is drawn on a sheet of

conducting paper with metallic paint. The sheet resistance is 2500 Q per square and the
dimension a is 1 in. (@) Assuming a result for Prob. 6b of 120 pF/m, what total re-
sistance would be measured between the metallic conductors drawn on the conducting
paper? (b) What would the total resistance be if a = 0.6 cm?

FIGURE 6.18
Sce Prob. 13.

3 17. The cross section of a coaxial transmission line is drawn on a sheet of conducting
GAP GARS GpP b/ paper using the dimensions @ = 0.5 in and b = 3 in. Silver paint is used for the two
3 b conducting surfaces. If a resistance of 1000 Q is measured between conductors: (a) what
is the resistance per square of the paper? (b) If the conducting layer on the paper is
0.008 in thick, what is the conductivity of the resistive coating?

<

e
o
e O
<
o

18. The square washer shown in Fig. 6.20 is 2mm thick and has outer dimensions of
2 x 2 cm and inner dimensions of 1 x | cm. The inside and outside surfaces are per-
fectly conducting. If the material has a conductivity of 5 U/m, estimate the resistance
offered between the inner and outer surfaces.

100 vV

ov ooV ; ] 19. Two wires of circular cross section, each having a radius of 0.1 mm, are parallel with
; their axes separated by 1.2 mm. Assume the wires are perfectly conducting and em-
bedded in a homogeneous medium of infinite extent for which € = 2.5and o = | mU/m.
A 100-V battery is connected from wire to wire. For each meter of length of the wires,
determine: (a) the magnitude of the charge on either wire, and (b) the current flowing

from wire to wire.

20. A rubber-sheet model is constructed for a coaxial transmission line. The horizontal
g dimensions are 50 times those of the actual line, for which a = 0.8 mm and b = 4 mm.
ov i The model is 6 cm high at the inner conductor and zero at the outer. (¢) What angle

| FIGURE 6.19 does a normal to the rubber sheet make with the vertical at the inner and outer radii?

———————————————¢———— O

- —— -
1
|

4 & | See Prob. 14. i : (b) At what distance from the model axis is the height 3 cm?




